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Abstract

In choosing among regression models for binary outcomes, there are a number of little-known
but ultimately compelling reasons for selecting logit regression over its alternatives.
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Overview: Logit and Probit

Despite increased recent attention to alternative approaches, regression-based models remain the
dominant approach to adjusting for observable confounders in quantitative analyses. This is par-
ticularly true among analysts working with observational data and in other contexts where exper-
imental manipulation and other design-based approaches are infeasible. When the outcome of
interest is binary, the workhorse regression models are the familiar logit and probit variants of
generalized linear models (McCullagh and Nelder 1989).! For a binary response Y observed for
i ={1,2,...N} observations, and a corresponding N x k matrix of predictors X, logistic regression

for a binary response (“logit”) is typically written as:

L exp(XiB)
Prvi=1 =17 exp(Xi0) @
and probit as:
Pr(Y; =1) = (X;B). (2)

where ¢ denotes the cumulative standard normal function. These models can be motivated in
a number of ways, but are often presented as reflecting an underlying latent (continuous) phe-
nomenon that is measured discretely (e.g. Long 1997, 40-47).

The similarity of logit and probit is widely known and discussed (e.g., Chambers and Cox

1967).2 Most expositions note that estimates B from logit and probit models are related by a scale

"Despite its recent rehabilitation in some quarters, I do not address the linear probability model
(“LPM”) here.

?Mathematically, logit and probit are related in a particular way; Andrews and Mallows (1974)
demonstrate that mixtures of independent normal distributions, where the mixing distribution is
the Kolmogorov-Smirnov distribution, yield the logistic distribution (see also Poirier 1978; West
1987; Stefanski 1991).



factor,® and that inferences about effect sizes, predicted probabilities, and other quantities of in-
terest are typically very similar,* with the result that “either model will give identical substantive
conclusions in most applications” (Liao 1994, 24). Because of these similarities, nearly all text-
books present the choice between these two regression models as a low-stakes affair. Gelman and
Hill call the choice “a matter of taste or convenience” (2007, 199), while Aldrich and Nelson state
that “there is little to guide the choice between the two” (1984, 35). Long provides a better-than-

average summary of the “textbook” perspective. He writes:

“(T)he choice between the logit and probit models is largely one of convenience and
convention, since the substantive results are generally indistinguishable... Often the
choice is a matter of convention. Some research areas tend to use logit, while others
favor probit. For some users the simple interpretation of logit coefficients as odds ra-
tios is the deciding factor. In other cases, the need to generalize a model may be an
issue. For example, multiple-equation systems involving qualitative dependent vari-
ables are based on the probit model, as discussed in Chapter 9. Or, if an analysis
also includes equations with a nominal dependent variable, the logit model may be
preferred since the probit model for nominal dependent variables is computationally
too demanding. Or, in case-control studies where sampling is stratified by the binary

outcome, the logit model is required” (Long 1997, 83).

An (admittedly impressionistic) survey of published research in political science suggests that
probit and logit models are both common, but that the latter has overtaken the former in popularity

during the past two decades. We find similar balance in sociology, social psychology, communi-

3Camilli (1994) retraces the origins of the widely-used scaling constant d = 1.702 for translat-
ing between the two CDFs.

“E.g., Aldrich and Nelson (1984, 65), who note that “(O)nly if there are a lot of observations at
extreme probability values will the two estimation techniques differ noticeably, for the probit and
logit functional bases are essentially identical at all but the tails of their respective distributions
(and even there the differences are but slight).”



cation, and most other social sciences. The lone exception is in economics, where probit models
dominate; one possible explanation for that dominance is the common econometric motivation of
binary-response models as models of individual choice (e.g. Judge et al. 1985, 761-762), with
its corresponding affinity for Normally-distributed errors. Outside of the social sciences, the logit
model sees far greater use, especially in biological and medical fields.

For most regression applications with observational data, then, the choice between logit and
probit seems of little consequence. In fact, there remain a number of ultimately compelling reasons

to prefer logit to probit when fitting regression models for binary outcomes.

Reason #1: Maximum Entropy

It is typically the case that, at least with non-simulated data, we generally neither know nor have
strong theoretical reasons to suspect a particular distribution characterizes the stochastic compo-
nent of the latent continuous response. Given this fact, it is generally the case that “theory” alone
cannot arbitrate among probit, logit, and other alternatives. Yet, perhaps ironically, it is exactly the
lack of a strong theoretical justification for any particular choice of distribution that provides the
first argument in favor of logit.

In an influential article, Jaynes (1957) set forth the principle of “maximum entropy” as a
method of guiding the choice of probability distribution in the absence of compelling theoreti-
cal bases. Building on LaPlace’s “Principle of Insufficient Reason,” and on early work by Gibbs,
Shannon, and others in information theory, the principle states that “in making inferences on the
basis of partial information we must use that probability distribution which has maximum entropy
subject to whatever is known” (1957, 623). A number of subsequent authors have shown that
Jaynes’ maximum entropy distribution corresponds to the multinomial logistic model for nominal
outcomes, of which binary regression is a special case (see e.g. Good 1963; Collins et al. 2002;

Donoso and de Grange 2010). In fact, models based on the logistic distribution (including both bi-



nary and multinomial logit) are commonly referred to as “MaxEnt” models in the machine learning
and natural language processing communities.

Leblanc and Shapiro summarize the substantive significance of this fact, noting that logit “is
the optimal model available under the maximum entropy principle. It is the most conservative
approach for the analysis that can be taken in the given context, that is considering the available
information... Logistic analysis in that sense is not resting or relying on a very sophisticated math-
ematical tool for analyzing discrete data, but rather simply on the best model to use when one
is driven by a data-oriented approach to describe the situation observed, given the information”
(1999, 61). Jaynes’ fundamental insight, that “the fact that a probability distribution maximizes
the entropy subject to certain constraints becomes the essential fact which justifies use of that dis-
tribution for inference” (1957, 621), is therefore especially likely to be relevant when considering
models for data which are weakly theorized and/or not subject to manipulation by the researcher; it
is no particular exaggeration to note that such circumstances are very common in social scientific

applications.

Reason #2: Invariance Under Sampling Schemes

A second benefit of logistic regression is its ability to consistently estimate model parameters un-
der different sampling schemes. In particular, it is well-understood that estimates of Bs (other than
the intercept) from logistic regression are valid under either prospective or retrospective (“‘case-
control,” or “choice-based”) sampling plans (see e.g. Prentice and Pyke 1979; Cosslett 1981; Ka-
gan 2001). McCullagh and Nelder (1989, 111-114) and Agresti (2002, 170-171) provide lucid
summaries of this characteristic of the logit model, which is rooted in the central role of odds ra-
tios in the model’s exposition (Cornfield 1951). Kagan (2001) demonstrates that the logistic model
is the only link function for generalized linear models of binary responses that posesses this char-

acteristic; more recently, Osius establishes a class of log-bilinear association models which are



also invariant to sampling on X and Y, while noting that “the logistic regression model is the only
one among generalized linear models for binary Y which is equivalent to an association model”
(2009, 468).

While this property of logistic regression is not unknown in political science,’ its significance
is not widely appreciated. For example, one implication of this property is that logit preserves
the marginal probabilities in the sample data. This means that — like OLS,® but unlike probit —
predicted probabilities generated from logit estimates of B are consistent estimators of treatment
effects (Freedman 2008, 242-246). More generally, the increased use of retrospective / case-control
sampling in political science (including in field experiments and other quasi-experimental contexts

where the interest is in causal inference) counsel wider use of the logistic regression model.

Reason #3: It’s the Canonical Link

For generalized linear regression models with a binary response, the canonical link function is the
logit (McCullagh and Nelder 1989, 30-32). Canonical-link GLMs have a number of advantages
that are not widely appreciated. Statistically, use of the canonical link ensures that the resulting
estimator can be expressed in terms of sufficient statistics (McCullagh and Nelder 1989, 115-16).
In addition, use of the canonical link in GLMs means that the expected and actual values of the
Hessian matrix are identical, and that Newton-Raphson and Fisher scoring algorithms are the same
(McCullagh and Nelder 1989, 43). This means that logit-based estimates of standard errors will
be the same whether one uses the observed or expected information matrix, while the same is not
true for probit or other models (Agresti 2002, 247).

More recent work underscores the practical value of canonical-link GLMs. Firth and Bennett

derive a class of “internally bias-calibrated” models that are asymptotically design-consistent; that

SFor example, it is noted in passing in King and Zeng (2001, 160).

6Importantly, Firth and Bennett (1998, 19) find that, among design-consistent estimators for
binary responses, the logit model is consistently more efficient than the LPM.



is, they are “approximately unbiased for (the population quantity) regardless of whether the corre-
sponding linear model approximately represents the population regression” (1998, 4). They note
that a number of canonical-link GLMs belong to this class, including the linear-Gaussian model
with an identity link and the binomial model with the logit link; this means that “the maximum
likelihood fit of a suitably specified logistic regression can be used directly to yield a design-
consistent estimator of 7', but the same is not true of, for example, probit or complementary log-
log-regression” (Firth and Bennett 1998, 5). As in the discussion of maximum entropy above, this
design consistency characteristic is a particularly useful trait in the theory-poor contexts in which

much observational data analysis in political science is conducted.

Reason #4: Extensibility and Ease of Interpretation

“The advantage of the logit is that it is easier to interpret, since effects on the logistic scale can be
expressed as odds ratios” (Francis and Payne 1977, 244). The value of odds ratios as a straight-
forward, easily-understood means of understanding the substantive influence of covariates in non-
linear binary-response regression models has been a theme in political science for nearly four
decades, and in statistics even longer. For a binary covariate X, the exponentiated logit estimate
exp(@) reflects the expected change in the odds of ¥ = 1 associated with a one-unit change in
X; “(N)o such simple interpretation exists for other links such as the probit” (Faraway 2006, 32).
While debate about the interpretive value of absolute versus relative risk estimates remains open,
the utility of odds ratios as a summary of the substantive marginal association between a response
and a regressor cannot be understated.

Beyond ease of interpretation, logit models also offer at least as great a range of extensions as
their normal-based counterparts. For ordinal responses, there is little to distinguish logistic mod-

els from their Normal-based analogues. As described above, multinomial logit alone satisfies the

maximum-entropy criterion, while logit-based alternatives to multinomial logit (e.g. Zeng 2000)



have the dual advantage of computational simplicity and relaxation of the independence of irrel-
evant alternative assumption. On the nonparametric front, ther is no probit-like analogue to exact
logistic regression (Mehta and Patel 1995), which allows for combinatoric-based inference about
regression parameters in models with binary outcomes and provides finite estimates of parameter

values even in the presence of perfect separation.

Summary Thoughts

In a spirited defense of the logistic model, the eminent statistician Joseph Berkson (who coined the
term “logit” in 1944) noted that “(I)t is not that the logistic function is necessarily the physical law
of all sigmoidally represented phenomena... It is rather that the logistic function refers to a wide
range of phenomena, the intimate physical mechanisms of which are different in different cases”
(1951, 334). His statement is reminiscent of George Box’s famous comment about the verity and
value of models in general, and presages a number of the more technical benefits of the logit model
described above.

Of course, as with any statistical model, there remain reasons for caution. For example, unlike
in the Gaussian-linear case, likelihood-ratio and Wald tests are not identical in the logit case (Hauck
and Donner 1977), and Freedman (2008) demonstrates that both linear regression and binary-
response GLMs can be misleading when used to estimate treatment effects. But these are also
issues with other binary-response GLMs; in the main, logit regression models offer a wider range
of potential benefits — and none of the costs — of their more commonly-used alternatives, and do so

while being computationally straightforward and simpler to interpret.
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